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Outline I
1 Markov-Switching Mean Models

Markov-Switching mean models: Dynamic Regression models
Markov-Switching: AR models

Caveats of MS-AR Models
Markov-Switching models with heteroscedasticity
Markov-Switching models with component structure

variance type: mean-variance component

2 Estimation of Markov-Switching Models
nonlinear programming
Maximum likelihood

3 Generalized Impulse Response Analysis
4 Forecasting

from static models
from MS-AR models

5 Markov-Switching Volatility Models
Markov-Switching GARCH
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Outline II
Markov-Switching Multi-Fractal Volatility
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How do Regime Switching mean models differ from
conventional Dynamic Regressions?

The Constant becomes a random variable

yt = ν + β1yt−1 + X ′t + ϵt , ϵt ∼ IIN(0, σ2
t ) (1)

yt = S(t) + β1yt−1 + X ′t + ϵt , ϵt ∼ N(0, σ2
t ) (2)

s.t .
S(t) = c0 if regime == 0,
S(t) = c1 if regime == 1
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How do Markov Regime Switching models differ from
conventional Dynamic Regressions?

The probability of being in a state follows a (Markov) process,
depending only on the previous state.

It does not depend on the history of previous states.

S(t) can be interpreted as an unobserved state or regime

p(i |j) = St+1 = i |St = j for i , j = 0, ...,St−1 (3)

Because the system has to be in one of S states,

Sum of States

S−1∑
i=0

p(i |j) = 1 (4)
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Open dialog Box

Select Category: models for time series data for now

We will iterate through estimate, test, and progress later

Figure 1: Select Model class: Regime switching models
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Open dialog Box

Select Category: models for time series data for now
We will iterate through estimate, test, and progress later

Figure 1: Select Model class: Regime switching models
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Open dialog Box

Select Category: models for time series data

Double click on formulate

Figure 2: Select Model class: Regime switching models
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Open dialog Box

Select Category: models for time series data
Double click on formulate

Figure 2: Select Model class: Regime switching models
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Designating the series and the basis of the regime

Select Category: models for time series data

Figure 3: formulation selection of Nile and constant, and then OK
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Designating the series and the basis of the regime

Select Category: models for time series data

Select the Nile time series along with the restricted constant and
click on OK

Figure 4: formulation selection of Nile and constant, and then OK
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Designating the series and the basis of the regime

Select Category: models for time series data
Select the Nile time series along with the restricted constant and
click on OK

Figure 4: formulation selection of Nile and constant, and then OK
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Type and Number of regimes

We use the type: Markov-Swiching Dynamic Regression

We leave the number of regimes at 2
We allow the variance of the regimes at fixed and click OK

Figure 5: Selection of number and type of regime, and then OKRobert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 10 / 58
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Type and Number of regimes

We use the type: Markov-Swiching Dynamic Regression
We leave the number of regimes at 2

We allow the variance of the regimes at fixed and click OK

Figure 5: Selection of number and type of regime, and then OKRobert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 10 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

Type and Number of regimes

We use the type: Markov-Swiching Dynamic Regression
We leave the number of regimes at 2
We allow the variance of the regimes at fixed and click OK
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Sample selection

We use the defaults here and click OK

Figure 6: Using the defaults, and then click OK
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Model selection

Selecting model in the upper left graphics options yields colored
representation different smoothed means.

Figure 7: Graphics model selection reveals building of Aswan Dam in
1899 as change point of regime
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Model selection

Selecting model in the upper left graphics options yields colored
representation different smoothed means.

Figure 8: Graphics model selection reveals building of Aswan Dam in
1899 as change point of regime
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After the level shifting constant, you obtain the
transition probability matrix

Effects originate at the top of the matrix and then proceed downward and to the left:
↓
←

P =


St = 0 St = 1

St=1 = 0| p(0|0) p(0|1)
St+1 = 1| p(1|0) p(1|1)∑

1 1

 (5)
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P =


St = 0 St = 1

St=1 = 0| p(0|0) 1 − p(1|1)
St+1 = 1| 1 − p(0|0) p(1|1)∑

1 1

 (6)
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Output from Model selection
reveals the decline in average flow volume from 1097 to 846 m3/sec.

If we go to the output section in the navigation window on the left and select Results, we
obtain

the displayed output with the

The level shifts of the constant, their parameter estimates, and the transition probability
matrices and settings.
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Output from Model selection
reveals the decline in average flow volume from 1097 to 846 m3/sec.

If we go to the output section in the navigation window on the left and select Results, we
obtain

the displayed output with the

The level shifts of the constant, their parameter estimates, and the transition probability
matrices and settings.
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Output from Model selection
reveals the decline in average flow volume from 1097 to 846 m3/sec.

If we go to the output section in the navigation window on the left and select Results, we
obtain

the displayed output with the

The level shifts of the constant, their parameter estimates, and the transition probability
matrices and settings.
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Regime classification selection
Accessing the test menu, we select the regime classification option and click OK
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Regime classification selection output

Requesting the regime classification shows the change point of 1899 representing the
completion of the Aswan dam.
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Modeling with regime switching models

We can use a Likelihood ratio test to compare different models
with the df=difference in the number of parameters.

We use the ex post real interest rates, USIR.in7, file.
We load and graph it.

BPr 

1950 1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2010

-5.0

-2.5

0.0

2.5

5.0

7.5

10.0

BPr 

Figure 9: Bai Perron data on ex post real interest rates
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Modeling with regime switching models

We can use a Likelihood ratio test to compare different models
with the df=difference in the number of parameters.
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Modeling with regime switching models

We can use a Likelihood ratio test to compare different models
with the df=difference in the number of parameters.
We use the ex post real interest rates, USIR.in7, file.
We load and graph it.
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Bai Perron dialog box settings

We select the BPir variable

We use the ex post real interest rates, USIR.in7, file.
We load and graph it.
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Figure 10: Bai Perron data on ex post real interest rates
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Bai Perron dialog box settings

We select the BPir variable
We use the ex post real interest rates, USIR.in7, file.

We load and graph it.
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Figure 10: Bai Perron data on ex post real interest rates
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Bai Perron dialog box settings

We select the BPir variable
We use the ex post real interest rates, USIR.in7, file.
We load and graph it.
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BP graphical output

Figure 11: BP graph output
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Comparing regime switching models

Select the model dialog box and click on formulate, click OK.

Enter 3 regimes and allow the variance type to remain fixed, and
click OK.

Figure 12: Select 3 regimes and leave variance type fixed
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Enter 3 regimes and allow the variance type to remain fixed, and
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Select the model dialog box and click on formulate, click OK.
Enter 3 regimes and allow the variance type to remain fixed, and
click OK.
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Formulate the model with three regimes

Select the model dialog box

Double click the progress option

Figure 13: Output of three regime interest rates
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Formulate the model with three regimes

Select the model dialog box
Double click the progress option

Figure 13: Output of three regime interest rates
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Invoking the Test summary

The test summary has to be invoked.

It reveals the extent to which the model is properly specified.

Figure 14: Test summary evaluates model specification
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Invoking the Test summary

The test summary has to be invoked.
It reveals the extent to which the model is properly specified.
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Reviewing the diagnostic tests

The test summary has to be invoked.

It reveals the extent to which the model is properly specified.

Figure 15: Test summary evaluates model specification
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Reviewing the diagnostic tests

The test summary has to be invoked.
It reveals the extent to which the model is properly specified.

Figure 15: Test summary evaluates model specification
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Comparison among nested models

Select the model dialog box

Double click the progress option

Figure 16: Selecting the nested models to compare
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Comparison among nested models

Select the model dialog box
Double click the progress option

Figure 16: Selecting the nested models to compare
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Comparison among nested models

The Model comparison table appears

Figure 17: The most parsimonious model is that with 7 parameters
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Optimal model

The Model comparison table appears

Figure 18: The most parsimonious model is that with 7 parameters
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The formulation of the MS -AR model

The MS-DR model adjusts immediately to the new regime.

The MS-AR model adjusts gradually to the new regime.

Adjustment is a function of the ρ and the number of significant lags.

The MS-AR model

yt − µS(t) =
p∑

i=1

ρi (yi − µ(St−i )) + ϵt , ϵt ∼ IIN(0, σ2
t ) (7)

If the model contains exogenous variables, it is formulated as

The MS-AR model

yt − µS(t)− x ′
t γ =

p∑
i=1

ρi (yi − µ(St−i )− x ′
t γ) + ϵt , ϵt ∼ IIN(0, σ2

t ) (8)

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 28 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

The formulation of the MS -AR model

The MS-DR model adjusts immediately to the new regime.

The MS-AR model adjusts gradually to the new regime.

Adjustment is a function of the ρ and the number of significant lags.

The MS-AR model

yt − µS(t) =
p∑

i=1

ρi (yi − µ(St−i )) + ϵt , ϵt ∼ IIN(0, σ2
t ) (7)

If the model contains exogenous variables, it is formulated as

The MS-AR model

yt − µS(t)− x ′
t γ =

p∑
i=1

ρi (yi − µ(St−i )− x ′
t γ) + ϵt , ϵt ∼ IIN(0, σ2

t ) (8)

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 28 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

The formulation of the MS -AR model

The MS-DR model adjusts immediately to the new regime.

The MS-AR model adjusts gradually to the new regime.

Adjustment is a function of the ρ and the number of significant lags.

The MS-AR model

yt − µS(t) =
p∑

i=1

ρi (yi − µ(St−i )) + ϵt , ϵt ∼ IIN(0, σ2
t ) (7)

If the model contains exogenous variables, it is formulated as

The MS-AR model

yt − µS(t)− x ′
t γ =

p∑
i=1

ρi (yi − µ(St−i )− x ′
t γ) + ϵt , ϵt ∼ IIN(0, σ2

t ) (8)

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 28 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

The formulation of the MS -AR model

The MS-DR model adjusts immediately to the new regime.
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Adjustment is a function of the ρ and the number of significant lags.

The MS-AR model

yt − µS(t) =
p∑

i=1

ρi (yi − µ(St−i )) + ϵt , ϵt ∼ IIN(0, σ2
t ) (7)

If the model contains exogenous variables, it is formulated as

The MS-AR model

yt − µS(t)− x ′
t γ =
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ρi (yi − µ(St−i )− x ′
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Caveats for MS-AR models

In an MS-DR model, the number of states S(t) and regimes, N, are the same.

In the MS-AR model that is not so: The Dimension of the state vector is S1+p if estimation
is to be performed with ML.

As Doornik notes on page 24, the slows down MS-AR and renders it infeasible as S and p
become large (e.g., where S = 3 and p = 12, N = more than 1 million) [1, 24].
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In the MS-AR model that is not so: The Dimension of the state vector is S1+p if estimation
is to be performed with ML.

As Doornik notes on page 24, the slows down MS-AR and renders it infeasible as S and p
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The formulation of the MS -AR model with
heteroscedasticity

Assuming first order autoregression and only two regimes for
pedagogical purposes, we obtain

The MS-AR(1) model with heteroscedasticity

yt = µ(0) + ρ(y1) + σ(0)ϵt (9)
yt = µ(1) + ρ(y1) + σ(1)ϵt (10)
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Hamilton’s MS-AR model
2 regimes and 4 states

The MS-AR model

St = 0 St−1 = 0 Nt = 0 (11)
St = 0 St−1 = 1 Nt = 1 (12)
St = 1 St−1 = 0 Nt = 2 (13)
St = 1 St−1 = 1 Nt = 3 (14)

However, this constrains movement.

We can go from state 0 to state 0 or state 2 but not to the others.
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configuring Hamilton’s model

Using OLDDLGDP from USmacro09_q.in7.

Figure 19: Selecting optionsRobert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 32 / 58
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Hamilitonian output

Hamilton’s output.

Figure 20: Hamilton ouptutRobert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 33 / 58
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Hamilitonian Regime classification and test summary

Figure 21: Hamilton regime classification and test summary
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Graphing Hamilton’s model

Hamilton’s predictions vs NBER recessions.

OldDLGNP100 
1-step prediction 

Fitted 
NBER 

1960 1970 1980

-2

0

2

Hamiton’s Regime Switching Model 
to Predict Recessions

OldDLGNP100 
1-step prediction 

Fitted 
NBER 

r:OldDLGNP100(scaled) 

1960 1970 1980

-2

0

2
r:OldDLGNP100(scaled) 

1960 1970 1980

0.25

0.50

0.75

1.00 P[Regime 0] smoothed

1960 1970 1980

0.25

0.50

0.75

1.00 P[Regime 1] smoothed

Figure 22: Hamilton’s recession forecasts v. NBER recessions
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Estimation

Types of estimation available: Maximum likelihood estimation
includes nonlinear programming, EM estimation, BFGS.
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Dynamic analysis of the response of the dependent
variable over time to a unit impulse at time t

If we modeled the oldDLGNP100 as an MS-AR with 2 regimes and 2
autoregressive lags, we could also examine the impulse response
function of the endogenous variable.

The formula for the Impulse response function

E(ŷT+h) = E(yt+h|Y T−p
T |X T+h

T+1 ξt , θ; ϵt , ϵt+1 · · · ϵt−h) (15)
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Select the test menu
Then select the Dynamic Analysis box

Then click on ok

Figure 23: In the test menu select Dynamic analysis
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Configuring the GIRF
for MS-AR models

Figure 24: Select a unit impulse and 20 impulses and error fans

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 39 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

The Plot of the Generalized IRF
for MS-AR models

Figure 25: The Impulse response function plot
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Forecasting
for static models

Static models with fixed regressors use one-step ahead
forecasting.

Each regime is forecast separately. For the first step, we have

The first forecast of a one-step ahead forecast is

ŷt+1|Yt1 = E [yT+1|YT
1]

=
∑S−1

j=0 E [yT+1]|ST+1

= j ,YT
1|P(ST+1 = jh,YT

1)
= x ′t+hβjh

(16)
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Forecasting
for static models

Static models with fixed regressors use one-step ahead
forecasting.
Each regime is forecast separately. For the first step, we have

The first forecast of a one-step ahead forecast is

ŷt+1|Yt1 = E [yT+1|YT
1]

=
∑S−1

j=0 E [yT+1]|ST+1

= j ,YT
1|P(ST+1 = jh,YT

1)
= x ′t+hβjh

(16)
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The forecast is the weighted sum of each of the regimes.

The weights are the probabilities of being in that regime.

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 42 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

The forecast is the weighted sum of each of the regimes.
The weights are the probabilities of being in that regime.
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Forecasting
for static models

The second step of a one-step ahead forecast is

ŷt+2|T =
∑S−1

j=0 E [yT+2]|ST+2

= k ,YT
1|P(ST+2 = k ,YT

1)
(17)
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Forecasting
for static models

For h steps ahead

ŷt+h|T =
∑S−1

k=0 E [yT+h]|ST+h

= k ,YT
1|P(ST+h = k ,YT

1)
(18)

and we can substitute the exogenous parameters so that

ŷt+h|T =
∑S−1

k=0 xT+hβkP(ST+h = k ,YT
1) (19)
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Forecasting
for MS-AR models

Static model with fixed regressors use one-step ahead forecasting.

Each regime is forecast separately.
The forecast is the weighted sum of each of the regimes.
The weights are the probabilities of being in that regime.
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Forecasting
for MS-AR models

Static model with fixed regressors use one-step ahead forecasting.
Each regime is forecast separately.

The forecast is the weighted sum of each of the regimes.
The weights are the probabilities of being in that regime.
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Forecasting
for MS-AR models

Static model with fixed regressors use one-step ahead forecasting.
Each regime is forecast separately.
The forecast is the weighted sum of each of the regimes.

The weights are the probabilities of being in that regime.
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Forecasting
for MS-AR models

Static model with fixed regressors use one-step ahead forecasting.
Each regime is forecast separately.
The forecast is the weighted sum of each of the regimes.
The weights are the probabilities of being in that regime.
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Forecasting
for MS-AR models with a regime switching mean

Consider the MS-AR Model

ŷt = ρyt−1 + µ(St)− ρmu(St−1) + ϵt ϵt ∼ IIN(0, σ2) (20)
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Forecasting
for MS-AR models

The first step of a one-step ahead forecast is

E(ŷt+1|ST+1 = j1, ...,St = j0Yt
1) = ρyt + µ(j1)− ρµ(j0) (21)
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Forecasting
for MS-AR models

The second step of a one-step ahead forecast is

E(ŷt+2|ST+2 = j2, ...,St = j1Yt
1) = ρ2yt+1 + µ(j2)− ρµ(j1) (22)
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Forecasting
for MS-AR models

For h steps ahead the forecast can be formulated as

E(ŷt+h|St+h = jh, ....,St = j0,Y1
1) = ρhyt+h + µ(jh)− ρµ(j1) (23)

But PcGive approximates the MS-AR by an MS-DR, for an AR(1) model [1, 48-52]

ŷ = ρ̂(ST )yt−1 + [1− ρ̂(S(t)]µ̂(St ). (24)
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MS-Volatility Models

Not only can the level shift be the criterion of regime change, the
second moment can be the criterion as well.

This can be controlled by changing the variance type
parameter in the model settings dialog box from fixed to that of

switching variance
switching variance with shared GARCH
switching GARCH
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MS-Volatility Models

Not only can the level shift be the criterion of regime change, the
second moment can be the criterion as well.
This can be controlled by changing the variance type
parameter in the model settings dialog box from fixed to that of

switching variance
switching variance with shared GARCH
switching GARCH

Robert Alan Yaffee Silver School of Social Work New York University New York, New York, U.S.A.An Introduction to New Developments in OxMetrics 21 May 2015 50 / 58



.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

.

MS-Volatility Models

Not only can the level shift be the criterion of regime change, the
second moment can be the criterion as well.
This can be controlled by changing the variance type
parameter in the model settings dialog box from fixed to that of

switching variance

switching variance with shared GARCH
switching GARCH
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MS-Volatility Models

Not only can the level shift be the criterion of regime change, the
second moment can be the criterion as well.
This can be controlled by changing the variance type
parameter in the model settings dialog box from fixed to that of

switching variance
switching variance with shared GARCH

switching GARCH
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MS-Volatility Models

Not only can the level shift be the criterion of regime change, the
second moment can be the criterion as well.
This can be controlled by changing the variance type
parameter in the model settings dialog box from fixed to that of

switching variance
switching variance with shared GARCH
switching GARCH
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Model settings menu
changing parameter from fixed to a form of variance

Figure 26: Variance type options in the model settings menu
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Both MS-Volatility and MS-Multi-fractal Volatility
models

MS-Volatility and MSFMV can be expressed as

yt = σ(St)ϵt ϵt ∼ IIN(0,1) (25)

state dependent variance is dependent upon baseline value
scaled by S volatility components

σ(St)
2 = σ2

0Π
S
i=1Vit (26)
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Volatility components

Volatility components are considered to be positive: Vi > 0

Volatility components are deemed to be independent at any point
in time.
Volatlity components are assumed to have mean = 1 : E(Vi) = 1
Therefore, E [σ2(St)] = σ2

0
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Volatility components

Volatility components are considered to be positive: Vi > 0
Volatility components are deemed to be independent at any point
in time.

Volatlity components are assumed to have mean = 1 : E(Vi) = 1
Therefore, E [σ2(St)] = σ2

0
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Volatility components

Volatility components are considered to be positive: Vi > 0
Volatility components are deemed to be independent at any point
in time.
Volatlity components are assumed to have mean = 1 : E(Vi) = 1

Therefore, E [σ2(St)] = σ2
0
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Volatility components

Volatility components are considered to be positive: Vi > 0
Volatility components are deemed to be independent at any point
in time.
Volatlity components are assumed to have mean = 1 : E(Vi) = 1
Therefore, E [σ2(St)] = σ2

0
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Markov-Switching Multi-Fractal Volatility (MSMFV)

This method of estimation incorporates stochastic volatility
components of heterogeneous durations.

captures outliers
captures long-memory like volatility persistence
captures power variation

It is applied to compute value at risk, price derivatives, and
forecast volatility.
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Markov-Switching Multi-Fractal Volatility (MSMFV)

This method of estimation incorporates stochastic volatility
components of heterogeneous durations.

captures outliers

captures long-memory like volatility persistence
captures power variation

It is applied to compute value at risk, price derivatives, and
forecast volatility.
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Markov-Switching Multi-Fractal Volatility (MSMFV)

This method of estimation incorporates stochastic volatility
components of heterogeneous durations.

captures outliers
captures long-memory like volatility persistence

captures power variation

It is applied to compute value at risk, price derivatives, and
forecast volatility.
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Markov-Switching Multi-Fractal Volatility (MSMFV)

This method of estimation incorporates stochastic volatility
components of heterogeneous durations.

captures outliers
captures long-memory like volatility persistence
captures power variation

It is applied to compute value at risk, price derivatives, and
forecast volatility.
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Markov-Switching Multi-Fractal Volatility (MSMFV)

This method of estimation incorporates stochastic volatility
components of heterogeneous durations.

captures outliers
captures long-memory like volatility persistence
captures power variation

It is applied to compute value at risk, price derivatives, and
forecast volatility.
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Markov-Switching Multi-Fractal Volatility
Frame of reference

Let Pt = price of an asset.

If rt = return of the asset = ln(Pt/Pt−1) over two consecutive
periods.

According to MSMFV, the return rt = µ+ σ̄(V1t ,V2t , ...,Vk̄ t)
1/2ϵt

where µ and σ are constants and ϵt are independent standard
Gaussians innovations.
In MSMFV, volatility is a function of Vt = (V1t ,V2t , ...,Vk̄ t), which is
a latent Markov state vector.

Given the volatility state, Mt , the next period multiplier,Vk ,t+1, is
sampled from a fixed distribution, V with probability γk , otherwise,
it remains the same [2].
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Markov-Switching Multi-Fractal Volatility
Frame of reference

Let Pt = price of an asset.
If rt = return of the asset = ln(Pt/Pt−1) over two consecutive
periods.

According to MSMFV, the return rt = µ+ σ̄(V1t ,V2t , ...,Vk̄ t)
1/2ϵt

where µ and σ are constants and ϵt are independent standard
Gaussians innovations.
In MSMFV, volatility is a function of Vt = (V1t ,V2t , ...,Vk̄ t), which is
a latent Markov state vector.

Given the volatility state, Mt , the next period multiplier,Vk ,t+1, is
sampled from a fixed distribution, V with probability γk , otherwise,
it remains the same [2].
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Markov-Switching Multi-Fractal Volatility
Frame of reference

Let Pt = price of an asset.
If rt = return of the asset = ln(Pt/Pt−1) over two consecutive
periods.

According to MSMFV, the return rt = µ+ σ̄(V1t ,V2t , ...,Vk̄ t)
1/2ϵt

where µ and σ are constants and ϵt are independent standard
Gaussians innovations.
In MSMFV, volatility is a function of Vt = (V1t ,V2t , ...,Vk̄ t), which is
a latent Markov state vector.

Given the volatility state, Mt , the next period multiplier,Vk ,t+1, is
sampled from a fixed distribution, V with probability γk , otherwise,
it remains the same [2].
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Sampling rule
permits estimation by simulated methods of moments

Table 1: Sampling rule: Vit is drawn from distribution fit

Draw Probability
Vk ,t drawn from distribution fv with probability γk
Vk ,t = Vk ,t−1 with probability 1 − γk
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Transition probability

The transition probability

γk = 1 − (1 − γ1)
bk−1

(27)

At low frequency, the sequence is approximately geometric s. t.,
γk ≈ γk−1

1

The Marginal distribution, M, has a mean=1 and positive support
and is independent of k.

In continuous time Price can be expressed as a diffusion
process

dPt

Pt
= µdt + σ(Mt)dWt (28)
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